Generation of all sets of mutually unbiased bases for three-qubit
  systems by Ghiu, Iulia
ar
X
iv
:1
31
2.
28
75
v1
  [
qu
an
t-p
h]
  1
0 D
ec
 20
13
Generation of all sets of mutually unbiased bases for
three-qubit systems
Iulia Ghiu
Centre for Advanced Quantum Physics, Department of Physics, University of
Bucharest, P. O. Box MG-11, R-077125 Bucharest-Ma˘gurele, Romania
E-mail: iulia.ghiu@g.unibuc.ro
Abstract. We propose a new method of finding the mutually unbiased bases for
three qubits. The key element is the construction of the table of striation-generating
curves in the discrete phase space. We derive a system of equations in the Galois field
GF(8) and show that the solutions of these equations are sufficient for the construction
of the general sets of complete mutually unbiased bases. A few examples are presented
in order to show how our algorithm works in the cases: striation table with three, two
axes, and one and no axis in the discrete phase space.
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1. Introduction
The mutually unbiased bases (MUBs) represent a basic tool in many applications of
quantum information processing: quantum tomography [1], quantum key distribution
required in cryptography [2], discrete Wigner function [3], quantum teleportation [4],
quantum error correction codes [5], or mean king’s problem [6]. Two bases {|ψj 〉} and
{| φk 〉} are called mutually unbiased if
|〈ψj | φk 〉|
2 =
1
d
.
where d is the dimension of the Hilbert space [7].
If d is a power of a prime number, then there is method for finding the MUBs
based on classes of commuting operators. One needs to determine d+1 classes of d− 1
commuting operators, whose eigenvectors represent the MUBs. These special operators
are called mutually unbiased operators [8]. The particular case of N -qubit systems was
investigated by Lawrence et al. [9]. The inseparability of the MUBs is discussed in Ref.
[9] for two-qubit systems (one example) and for three-qubit systems (two examples).
MUBs can be constructed with the help of Galois fields GF(d) in the special case
when d = pn is the power of a prime number. Wootters [10] and Gibbons et all. [11]
proposed a method based on the so-called discrete phase space. The discrete phase
space of a d-level system is a d× d lattice, whose coordinates are elements of the finite
Galois field GF(d) [10]. A state of the MUBs is associated to a curve in the discrete
phase space. The set of parallel curves is called a striation. There are d+ 1 striations.
It turns out that the MUBs are determined by the states associated with each striation.
The construction of the general MUBs for two-qubit systems was found by Klimov
et all. [12]. In Ref. [13], Bjo¨rk et al. analyzed the MUB structures for three-qubit
systems and obtained four structures: (3,0,6), (2,3,4), (1,6,2), and (0,9,0), where the
numbers represent the number of triseparable, biseparable, and nonseparable bases,
respectively.
In this paper we generalize our method given in Ref. [14] of generation of MUBs
from two qubits to three qubits. Our purpose is to obtain all the sets of MUBs for
three-qubit systems.
The paper is organized as follows: In Section 2 we present some basic notations and
definitions used in the Galois fields. The main result of the paper is given in Section 3,
where we find a system of 12 equations in the Galois field GF(8). The solution of these
equations leads to the construction of the most general set of MUBs for three-qubit
systems. Section 4 discusses the four algorithms needed for obtaining the striation-
generating curves in the cases: striation table with three, two axes, and one and no
axis in the discrete phase space. One example for each algorithm is given in Section 5.
Finally, we make some concluding remarks in Section 6.
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2. Preliminaries on Galois fields
In this section we recall some definitions and notations used in Galois fields. The map
trace of a field element x ∈ GF(pn) is as follows:
tr x = x+ x2 + ... + xp
n−1
.
If we denote by µ the primitive element of GF(8), then the eight elements of GF(8)
are {0, 1, µ, µ2, µ3, µ4, µ5, µ6}. The irreducible polynomial is: µ3 + µ + 1. A basis {αi}
is called self-dual if tr(αiαj) = δij. We choose the self-dual basis to be {µ
3, µ5, µ6}.
Following Ref. [13], we associate the points in the phase space which contain the
self-dual basis elements with the following operators:
(µ3, 0)↔ σˆx ⊗ Iˆ ⊗ Iˆ ,
(µ5, 0)↔ Iˆ ⊗ σˆx ⊗ Iˆ ,
(µ6, 0)↔ Iˆ ⊗ Iˆ ⊗ σˆx,
(0, µ3)↔ σˆz ⊗ Iˆ ⊗ Iˆ ,
(0, µ5)↔ Iˆ ⊗ σˆz ⊗ Iˆ ,
(0, µ6)↔ Iˆ ⊗ Iˆ ⊗ σˆz .
3. The system of 12 equations in the Galois field GF(8)
Two operators commute if their associated points in the discrete phase space (a1, b1)
and (a2, b2) satisfy [15]
tr(a1b2) = tr(a2b1). (1)
The MUBs can be constructed with the help of d + 1 classes of d − 1 commuting
operators, i.e. MU operators. In the case of three-qubit systems, we need to generate a
table with 9 rows, each row representing the set of 7 commuting operators. We denote
the operator which belongs to the row r and column c by Or,c, where r = 1, 9 and
c = 1, 7. The point in the phase space (a
(r)
c , b
(r)
c ) is associated to the operator Or,c:
Or,c ←→ (a
(r)
c , b
(r)
c ).
There are six operators which define uniquely a table of nine sets of operators that
generate a certain MUB structure [13]. The operators in the first two rows are defined
by Oˆr,c = Oˆr,c−2Oˆr,c−3, where r = 1, 2 and c = 1, . . . , 7. The other rows are obtained as
Oˆr,c = Oˆ2,cOˆ1,c+r−3, for 2 < r ≤ 9 [13].
We denote the six points in the discrete phase space associated to these six operators
by:
(a
(1)
1 , b
(1)
1 ); (a
(1)
2 , b
(1)
2 ); (a
(1)
3 , b
(1)
3 );
(a
(2)
1 , b
(2)
1 ); (a
(2)
2 , b
(2)
2 ); (a
(2)
3 , b
(2)
3 ). (2)
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We want to find the conditions that should be fulfilled by these 6 points, i.e. 12
variables, in order to obtain a table of striation-generating curves, that generates MUBs.
We define
(a(r)c , b
(r)
c ) := (a
(r)
c−2 + a
(r)
c−3, b
(r)
c−2 + b
(r)
c−3) (3)
for r = 1, 2 and c = 4, 5, 6, 7 and
(a(r)c , b
(r)
c ) := (a
(2)
c + a
(1)
c+r−3, b
(2)
c + b
(1)
c+r−3) (4)
for r = 3, 9 and c = 1, 7 and the sum of the indices is taken modulo 7.
We have to impose the condition (1) for all operators of striation 1 and 2,
respectively:
tr
[
a
(1)
j b
(1)
k
]
= tr
[
a
(1)
k b
(1)
j
]
,
tr
[
a
(2)
j b
(2)
k
]
= tr
[
a
(2)
k b
(2)
j
]
, (5)
where j 6= k = 1, 7. A striation-generating curve is well defined by three points, although
its parametric form is not unique. Therefore it is sufficient to check the condition (1)
only for the first three points of the striations 3,...,9.
The first three points of the striations 3,..., 9 are obtained from Eq. (4). For a fixed
striation r, we have the following conditions:
tr
[
a
(2)
1 b
(1)
r−1 + a
(1)
r−2b
(2)
2
]
= tr
[
a
(2)
2 b
(1)
r−2 + a
(1)
r−1b
(2)
1
]
;
tr
[
a
(2)
1 b
(1)
r + a
(1)
r−2b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
r−2 + a
(1)
r b
(2)
1
]
;
tr
[
a
(2)
2 b
(1)
r + a
(1)
r−1b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
r−1 + a
(1)
r b
(2)
2
]
. (6)
By employing the definition (4), we notice that all the first three points of the
striations 3, 9 are expressed in terms of the six points of Eq. (2). Therefore by writing
the condition (1) for them, we obtain 21 equations which contain the 12 parameters:
a
(λ)
j , b
(λ)
j , where j = 1, 2, 3 and λ = 1, 2 of the input points.
We proved that the 21 equations are not independent, i.e. the conditions (5) which
correspond to striations 1 and 2 and Eq. (6) written for striations 3 and 4 will generate
the other 15 equations. In conclusion, it is sufficient that the condition (1) to be satisfied
for the first three points of striations 1, 2, 3, and 4 for obtaining a striation table.
We write explicitly the 12 independent equations:
tr
[
a
(1)
1 b
(1)
2
]
= tr
[
a
(1)
2 b
(1)
1
]
; (7)
tr
[
a
(1)
1 b
(1)
3
]
= tr
[
a
(1)
3 b
(1)
1
]
; (8)
tr
[
a
(1)
2 b
(1)
3
]
= tr
[
a
(1)
3 b
(1)
2
]
; (9)
tr
[
a
(2)
1 b
(2)
2
]
= tr
[
a
(2)
2 b
(2)
1
]
; (10)
tr
[
a
(2)
1 b
(2)
3
]
= tr
[
a
(2)
3 b
(2)
1
]
; (11)
tr
[
a
(2)
2 b
(2)
3
]
= tr
[
a
(2)
3 b
(2)
2
]
. (12)
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tr
[
a
(2)
1 b
(1)
2 + a
(1)
1 b
(2)
2
]
= tr
[
a
(2)
2 b
(1)
1 + a
(1)
2 b
(2)
1
]
; (13)
tr
[
a
(2)
1 b
(1)
3 + a
(1)
1 b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
1 + a
(1)
3 b
(2)
1
]
; (14)
tr
[
a
(2)
2 b
(1)
3 + a
(1)
2 b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
2 + a
(1)
3 b
(2)
2
]
; (15)
tr
[
a
(2)
1 b
(1)
3 + a
(1)
2 b
(2)
2
]
= tr
[
a
(2)
2 b
(1)
2 + a
(1)
3 b
(2)
1
]
; (16)
tr
[
a
(2)
1 b
(1)
1 + a
(2)
1 b
(1)
2 + a
(1)
2 b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
2 + a
(1)
1 b
(2)
1 + a
(1)
2 b
(2)
1
]
; (17)
tr
[
a
(2)
2 b
(1)
1 + a
(2)
2 b
(1)
2 + a
(1)
3 b
(2)
3
]
= tr
[
a
(2)
3 b
(1)
3 + a
(1)
1 b
(2)
2 + a
(1)
2 b
(2)
2
]
. (18)
In conclusion, we have to find the 12 parameters a
(1)
1 , b
(1)
1 , a
(1)
2 , b
(1)
2 , a
(1)
3 , b
(1)
3 , a
(2)
1 ,
b
(2)
1 , a
(2)
2 , b
(2)
2 , a
(2)
3 , b
(2)
3 which satisfy the 12 equations (7)−(18). Having obtained them,
we generate the whole table of striations by employing the definitions (3) and (4).
4. The table of striation-generating curves of the general sets of mutually
unbiased bases for three-qubit systems
4.1. The striation table with three axes in the discrete phase space
The six points which define the striation table are:
(0, λ1); (0, λ2); (0, λ3);
(λ1, 0); (λ2, 0); (λ3, 0). (19)
The 12 equations (7)−(18) are equivalent to the following three ones:
trλ3 = tr(λ2 + λ1λ2) (20)
tr(λ1λ3) = trλ2 (21)
tr(λ2λ3) = tr(λ1 + λ1λ2). (22)
The algorithm for obtaining the six points which generate the striation table is:
• We fix λ1 and λ2, which have to be different.
• The parameter λ3 is found such that it satisfies the Eqs. (20)−(22).
4.2. The striation table with two axes in the discrete phase space
The six points which define the striation table are:
(0, b
(1)
1 ); (0, b
(1)
2 ); (0, b
(1)
3 );
(a
(2)
1 , 0); (a
(2)
2 , 0); (a
(2)
3 , 0). (23)
The algorithm requires fixing 4 parameters, namely b
(1)
1 , b
(1)
2 , b
(1)
3 , and a
(2)
1 , and is as
follows:
• The parameters b
(1)
1 , b
(1)
2 , b
(1)
3 are chosen such that they form a basis.
• The parameter a
(2)
1 is arbitrary.
• The other two parameters a
(2)
2 and a
(2)
3 are obtained from the Eqs. (13)−(18).
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4.3. The striation table with one axis in the discrete phase space
In this case the 6 points have the form:
(0, b
(1)
1 ); (0, b
(1)
2 ); (0, b
(1)
3 );
(a
(2)
1 , b
(2)
1 ); (a
(2)
2 , b
(2)
2 ); (a
(2)
3 , b
(2)
3 ). (24)
The algorithm is as follows:
• The parameters b
(1)
1 , b
(1)
2 , b
(1)
3 are chosen such that they form a basis.
• The parameters a
(2)
1 , b
(2)
2 , b
(2)
3 are arbitrary.
• The remaining 3 parameters b
(2)
1 , a
(2)
2 , a
(2)
3 are obtained from the Eqs. (10)−(18).
4.4. The striation table with no axis in the discrete phase space
The six points which define the striation table with no axis are:
(a
(1)
1 , b
(1)
1 ); (a
(1)
2 , b
(1)
2 ); (a
(1)
3 , b
(1)
3 );
(a
(2)
1 , b
(2)
1 ); (a
(2)
2 , b
(2)
2 ); (a
(2)
3 , b
(2)
3 ). (25)
The algorithm requires in this case to fix 7 parameters, namely a
(1)
1 , b
(1)
1 , b
(1)
2 , b
(1)
3 ,
a
(2)
1 , b
(2)
2 , b
(2)
3 :
• We have to fix the parameters a
(1)
1 , b
(1)
1 , b
(1)
2 , b
(1)
3 , a
(2)
1 , b
(2)
2 , b
(2)
3 .
• The other 5 parameters a
(2)
1 , a
(1)
3 , b
(2)
1 , a
(2)
2 , a
(2)
3 are found such that they verify all
the Eqs. (7)−(18).
5. Examples
5.1. The striation table with three axes
We take λ1 = µ
2 and λ2 = µ
6. The Eqs. (20)−(22) are:
trλ3 = 1; tr(µ
2λ3) = 1; tr(µ
6λ3) = 0.
We find two solutions: λ3 = µ
3 and λ3 = µ
5. The striation tables are identical to the
two tables shown in Fig. 3 of Ref. [13]. The expressions of the curves for the first
solution λ3 = µ
3 are given in Table 1. We denote by (α, β) a point in the discrete phase
space.
5.2. The table with two axes
We start with
(0, µ4); (0, µ3); (0, µ5);
(1, 0); (a
(2)
2 , 0); (a
(2)
3 , 0). (26)
The system of six equation is:
tr
[
a
(2)
2 µ
4
]
= 1; tr
[
a
(2)
3 µ
4
]
= 1; tr
[
a
(2)
3 µ
3
]
= tr
[
a
(2)
2 µ
5
]
.
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Table 1. The striation-generating curves corresponding to the table with three axes:
the solution with λ3 = µ
3.
µ6 1 8 6 4 9 7 5 3
µ5 1 6 4 9 7 5 3 8
µ4 1 4 9 7 5 3 8 6
µ3 1 9 7 5 3 8 6 4
µ2 1 7 5 3 8 6 4 9
µ 1 5 3 8 6 4 9 7
1 1 3 8 6 4 9 7 5
0 o 2 2 2 2 2 2 2
0 1 µ µ2 µ3 µ4 µ5 µ6
No. Equation
1 α=0 and β(k) = k
2 α(k) = k and β = 0
3 β = α
4 β = αµ
5 β = αµ2
6 β = αµ3
7 β = αµ4
8 β = αµ5
9 β = αµ6
Table 2. The striation-generating curves corresponding to the table with two axes.
1 6 7 5 4 8 9 3
1 5 6 4 3 7 8 9
1 3 4 9 8 5 6 7
1 4 5 3 9 6 7 8
1 7 8 6 5 9 3 4
1 8 9 7 6 3 4 5
1 9 3 8 7 4 5 6
o 2 2 2 2 2 2 2
No. Equation
1 α=0 and β(k) = k
2 α(k) = k and β = 0
3 β = µ2α + µ5α2 + µ6α4
4 β = µ3α
5 β = α + µ2α2 + µα4
6 β = µ5α + µ5α2 + µ6α4
7 β = µα+ µ2α2 + µα4
8 β = µ4α + µ3α2 + µ5α4
9 β = µ6α + µ3α2 + µ5α4
tr
[
a
(2)
2 µ
3
]
= 1; tr
[
a
(2)
3 µ
3
]
= 1; tr
[
a
(2)
3 µ
5
]
= tr
[
a
(2)
2 µ
6
]
.
We obtain the unique solution a
(2)
2 = µ
2 and a
(2)
3 = µ
3.
The 9 generating striations and their analytical expressions are given in Table 2.
5.3. The striation table with one axis
We start with
(0, µ4); (0, µ3); (0, µ);
(1, b
(2)
1 ); (a
(2)
2 , µ
2); (a
(2)
3 , µ
6). (27)
The system of 9 equations is:
tr
[
a
(2)
2 b
(2)
1
]
= 0; tr
[
a
(2)
3 b
(2)
1
]
= 1; tr
[
a
(2)
2 µ
6
]
= tr
[
a
(2)
3 µ
2
]
;
tr
[
a
(2)
2 µ
4
]
= 1; tr
[
a
(2)
3 µ
4
]
= 0; tr
[
a
(2)
2 µ+ a
(2)
3 µ
3
]
= 0;
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Table 3. The striation-generating curves corresponding to the table with one axis.
1 7 2 3 5 2 3 6
1 4 7 5 6 3 4 3
1 5 6 7 4 9 9 4
1 8 5 8 8 8 6 7
1 2 9 6 9 5 7 2
1 3 3 9 7 6 5 9
1 6 4 4 2 7 2 5
o 9 8 2 3 4 8 8
No. Equation
1 α=0 and β(k) = k
2 β = µ5α + α2 + µ3α4
3 β = µ5α2 + µ6α4
4 β = α + µ6α2 + µ3α4
5 β = µ2α + µ4α2 + µ2α4
6 β = µ5α + µ6α2 + µ3α4
7 β = µ5α + µ5α2 + µ6α4
8 β = µ6α + µ2α2 + µα4
9 β = µα + µ4α2 + µ2α4.
tr
[
a
(2)
2 µ
3
]
= 0; tr
[
a
(2)
3 µ
3
]
= 1; tr
[
a
(2)
2 µ
6 + a
(2)
3 µ
]
= 0.
We find 2 solutions:
a
(2)
2 = µ
6, a
(2)
3 = µ
4, b
(2)
1 = µ
2 and
a
(2)
2 = µ
6, a
(2)
3 = µ
4, b
(2)
1 = µ
3. (28)
The expressions of the curves for the first solution b
(2)
1 = µ
2 are shown in Table 3.
5.4. The striation table with no axis
We start with the following points:
(µ2, µ5); (a
(1)
2 , µ
3); (a
(1)
3 , 1);
(µ3, b
(2)
1 ); (a
(2)
2 , µ
2); (a
(2)
3 , µ). (29)
The 12 equations are:
tr
[
a
(1)
2 µ
5
]
= 1; tr
[
a
(1)
3 µ
5
]
= 0; tr a
(1)
2 = tr
[
a
(1)
3 µ
3
]
; tr
[
a
(2)
2 b
(2)
1
]
= 1;
tr
[
a
(2)
3 b
(2)
1
]
= 0; tr
[
a
(2)
2 µ
]
= tr
[
a
(2)
3 µ
2
]
; tr
[
a
(2)
2 µ
5 + a
(1)
2 b
(2)
1
]
= 1; tr
[
a
(2)
3 µ
5 + a
(1)
3 b
(2)
1
]
= 0;
tr
[
a
(2)
2 + a
(1)
2 µ+ a
(2)
3 µ
3 + a
(1)
3 µ
2
]
= 0; tr
[
a
(1)
2 µ
2 + a
(2)
2 µ
3 + a
(1)
3 b
(2)
1
]
= 1;
tr
[
a
(1)
2 µ+ a
(2)
3 µ
3 + a
(1)
2 b
(2)
1
]
= tr
[
µ5 + µ2b
(2)
1
]
; tr
[
a
(2)
2 µ
2 + a
(1)
3 µ+ a
(2)
3 + a
(1)
2 µ
2
]
= 0.
One solution is the following:
a
(1)
2 = 1; a
(1)
3 = µ
3; a
(2)
2 = µ; a
(2)
3 = 1; b
(2)
1 = µ
2.
The table of striation-generating curves and their expressions are given in Table 4.
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Table 4. The striation-generating curves corresponding to the table with no axis.
5 4 7 5 5 1 5 8
8 6 4 1 3 3 6 7
6 7 2 4 2 6 1 8
8 1 3 9 7 9 3 4
8 3 2 3 2 7 4 1
2 2 1 9 4 9 7 8
9 6 9 7 1 4 6 8
o 2 9 5 5 6 5 3
No. Equation
1 β = µ6α + µ6α2 + µ3α4
2 β2 + µβ = µ2α2 + µ2α
3 β = µ3α2 + µ5α4
4 β = µ3α + µ2α2 + µα4
5 µ3β2 + µ2β = α4 + µ2α2 + µ3α
6 µβ2 + µ5β = α4 + µ5α2 + µ3α
7 β = µ6α + α2 + α4
8 α = µ2β4 + µ4β2 + µ5β
9 µβ2 + µβ = α4 + µ2α2
6. Conclusions
In this paper we have presented a method of construction of all sets of MUBs for three-
qubit systems. The main result is the system of 12 equations (7)−(18) in the Galois
field GF(8). The solutions of this system are sufficient for the construction of different
sets of MUBs for three qubits.
In the case of N qubits, one needs to determine 2N +1 classes of 2N −1 commuting
operators. Our method can be generalized to the case N > 3, but the system of
equations in the Galois field GF(2N) is much more complex, since the number of
equations increases.
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